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Section 8.7 Indeterminate Forms and L’Hôpital’s Rule

Back in the Chapter 1 we applied algebraic methods for dealing with the following limits: 
[image: image1.wmf] and 
[image: image2.wmf].
In the first limit, if you “plugged-in” 
[image: image3.wmf] you would get 
[image: image4.wmf], and in the second limit if we “plugged-in” 
[image: image5.wmf] you would get 
[image: image6.wmf]. Of course, these “plug-in” methods are not legitimate and the corresponding results are not legitimate. However, both 
[image: image7.wmf] and 
[image: image8.wmf]are called indeterminate forms. Both of these situations are examples of competing/conflicting interests, or rules, and it’s not clear which will win out.

When we consider the limit with the form 
[image: image9.wmf], we might think of a fraction that has a numerator of zero as being zero, yet at the same time, we might think of fractions in which the denominator is going to zero as a type of infinity, or that the limit might not exist.  On the other hand, we might think of a fraction in which the numerator and denominator are the same and that the limit value is one. What is really going on? Can we understand which interest will rule?  Is it possible that the competing/conflicting interests will “cancel out,” and the limit will reach some other value?
When we consider the indeterminate form 
[image: image10.wmf], we run into similar issues. That is, when the numerator of a fraction is tending to negative infinity, we might think of the whole fraction tending to negative infinity, yet if the denominator is going to infinity we might think of the whole fraction as tending to zero. On the other hand, we might think of a fraction in which the numerator and denominator are the same (discounting the minus sign) and so we might believe that the limit is -1. What is really going on? Can we understand which interest will rule?

When we consider the indeterminate forms like 
[image: image11.wmf], we run into another problem in that infinity isn’t really a number, and we really shouldn’t even treat it like a number. Frequently, we will find that it won’t behave as we would expect it to if it was a number. In fact, this unpredictability is the mail problem with indeterminate forms. At first glance, cannot tell what is happening in the limit. We will need to investigate each situation.

.
By the way, we will study five other types of indeterminate forms as well.  

[image: image12.wmf]
Each of these indeterminate forms exhibit competing/conflicting interests, and it’s just not clear which, if any, of the interests or rules will determine the value of the limit under consideration. In addition to considering graphs of functions and tables of function values, we will use L’Hôpital’s Rule to investigate the behaviors of indeterminate forms. At times, some creative algebra will be employed to aid our study. 
[image: image13.png]THEOREM 8.4 L’Hépital’s Rule

Let f and g be functions that are differentiable on an open interval (a, b) con-
taining c, except possibly at c itself. Assume that g’(x) # 0 for all x in (a, b),
except possibly at c itself. If the limit of f(x)/g(x) as x approaches ¢ produces
the indeterminate form 0/0, then
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provided the limit on the right exists (or is infinite). This result also applies if
the limit of f{x)/g(x) as x approaches ¢ produces any one of the indeterminate
forms co/c0, (—00) /00, 0o/(—00), or (—o0)/(—o0).





This theorem tells us that when we consider an indeterminate form that is 
[image: image14.wmf], or 
[image: image15.wmf], we can differentiate the numerator, differentiate the denominator, and then consider the resulting limit.
Ex.1  Evaluate:  
[image: image16.wmf]
Ex.2  Evaluate:  
[image: image17.wmf]
Ex.3  Evaluate:  
[image: image18.wmf]
Ex.4  Evaluate:  
[image: image19.wmf]
Ex.5  Evaluate:  
[image: image20.wmf]
Ex.6  Evaluate:  
[image: image21.wmf]
Ex.7  Evaluate:  
[image: image22.wmf]
Ex.8  Evaluate:  
[image: image23.wmf]
Ex.9  Evaluate:  
[image: image24.wmf]
[image: image25.png]THEOREM 8.3 The Extended Mean Value Theorem

If f and g are differentiable on an open interval (a, b) and continuous on [a, b]
such that g’(x) # O for any x in (a, b), then there exists a point ¢ in (a, b) such
that
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